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WhatisStateEstimation?

WhatisStateEstimation?
StateEstimationdeterminestheunderlyingbehaviorofthesystem

atanypointintimebyusingmeasurable(pastandcurrent)
informationofthesystem.



HistoryofStateEstimation

1638G.Galilei(“Dialoguesconcerningtwonewsciences”):Determinethelengthofa
pendulumbycomparingthenumberofswingswithapendulumofknownlength

1960R.Kalman:IntroductionoftheKalmanfilter

1964D.Luenberger:Stateestimationoflinearsystems

Twomainclassesofobservers:
DeterministicObservers
Disturbancesoruncertaintiesare
assumedtobedeterministic.
Typically:nofocusondisturbance
behavior

StochasticObservers
Disturbancesanduncertainties
aremodelledasnoise.
Typically:Noisesuppressionas
focus.

Focusondeterministicobserversinthefollowing!

StandardLuenberger-typeObserver

Thestandardobserverstructureconsistsofasimulatorandacorrector:

System

Simulator

Corrector

y

ŷ

x̂

u

Goal
Reconstructsystemstatexbyusingtheoutputyandthesimulatedoutputŷ

⇒Estimatedstatex̂



StateoftheArt

MostobservermethodsarebasedonthestandardLuenbergerobserverstructure:

Luenbergerobservers,e.g.[Luenberger’64],[Andrieu&Praly’09]
ExtendedLuenbergerobservers,e.g.[Birk&Zeitz’97],[Ergueta,etal.’08]
High-gainobservers,e.g.[Gauthier&Kupka’01],[Ahrens&Khalil’09],[Bullinger
&Allgöwer’97]
Sliding-modeobservers,e.g.[Utkin,etal.’99],[Fridman,etal.’11]
...

Matureareawithsophisticatedapproachesformanyclassesofsystems

But:Therearemanyopenquestions,problemsandlimitations...

Observability

Question:
Givenamodelofadynamicalsystemandapieceofanoutputtrajectory
producedbythissystem.Canweuniquelydeterminethesystem’sinternal
statebaseduponthisinformation?

!leadstotheformalconceptofobservability

Definition:Observability
Considerasystemoftheform

ẋ=f(x),y=h(x),x∈R
n
,y∈R

m

withinitialconditionx0att=0.Thesystemisobservableiffrom
y(t,x0)=y(t,x̃0),t>0followsthatx0=x̃0.

!AnswertoquestionisYESifthesystemisobservable.



CheckingforObservability:LinearSystems

NonlinearCase:Checkingforobservabilityisahardtask

Theorem(Nonlinearobservability)
Consideranonlineardynamicalsystemoftheform

ẋ=f(x),y=h(x),x∈R
n
,y∈R

m

whereinf(·)∈Cn−1(Rn)andh(·)∈Cn(Rn).Let

H(x)=











h
Lf(h)
..
.

Ln−1
f(h)











.

ThesystemisobservableifthemappingH(·)isunivalentinRn,i.e.,
one-to-onefromRnontoH(Rn).

ConclusiononObservability

Checkingalinearsystemforobservabilityiseasy.
Checkinganonlinearsystemforobservabilityisaverydifficulttask,that
cannotbeperformedinmostpracticalapplications.



Luenberger-typeObservers:StateoftheArt

Differentsystemclassescanbeconsidered:
linear,nonlinear,distributed,DAE,...

Complexityisnotreallyanissue
Advancedsystemtheoreticalresultsavailable
Applicationsinclude:

certaintyequivalencebasedfeedbackimplementation
faultdetection
monitoring
identification
...

Widelyusedinindustrialpractice

Openissuesinclude:
Limitedtoasymptoticconvergencebehavior
Disturbancesnotconsideredinsetup
Separation-principledoesnotholdfornonlinearsystems
Noinformationaboutcurrentstateestimation-error
Additionalstructuresneededtohandleconstraints

AreclassicalLuenberger-typeobserversthebest
choiceforaddressingtheopenissues?

StructureofPresentation StructureofPresentation

!Part 1:   MovingHorizonEstimation

!Part 2:   Finite ConvergenceTime Observers

!Part 3:   Set-basedEstimation



StructureofPresentation StructureofPresentation
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!Part 2:   Finite ConvergenceTime Observers

!Part 3:   Set-basedEstimation

OptimizationBasedStateEstimation:Basics

BasicIdea:
1Given

asystemmodelx
+
=f(x),y=h(x)

ameasuredoutputtrajectoryy={yk},k∈{0,1,...,T−1,T}
2Foranestimatedstateinitialconditionx̂0,usesystemdynamicsto

generatecorrespondingestimatedstatetrajectoryx̂andoutput
trajectoryŷ

3EstablishcostfunctionJ(x̂0)tomeasurehowwelltheestimatedoutput
trajectoryŷfitsthemeasuredoutputtrajectoryy

4OptimizationofJ(x̂0)overx̂0yieldsestimateofinitialstatex0

ŷ

y
x̂

x
currenttimeT

x0 x̂0

0

}

!J(x̂0)



FullInformationStateEstimation

Fullinformationstateestimation:Useallpastmeasurementinformation
startingfromk=0.

ŷ

y

x̂

x
currenttimeT

x0 x̂0

k=0

Generalproperties
Allmeasurementsareusedinoptimization.
Convergenceresultsavailableforseveralsystemsetupsusingdifferent
observabilityconditions
But:Intractablefullinformationestimatoroptimizationproblem!

Hence:Movinghorizonestimation(MHE)!

MovingHorizonEstimation(MHE)

Movinghorizonestimation:UseinformationonlyofNmostrecent
measurements.

ŷ

y

x̂

x
currenttimeT k=T−N

movinghorizon !

xT−N x̂T−N

Generalidea
Limitcomplexityofoptimizationproblemby

Restrictingtimehorizoninoptimizationproblem
ConsideringinformationofonlyNmostrecenttimestepsinsignals
Movingthistimehorizonforwardineachtimestep

Extensivetheoryavailable[MuskeandRawlings’95],[Michalskaand
Mayne’96],[Rao,etal.’03],[Farina,etal.’10],....



ConferenceonMHE

ThereisaworkshoponMovingHorizonEstimationinparallelto
FIPSE-1

ATypicalMovingHorizonStateEstimationScheme(1/3)

Systemtypicallyconsidered

x
+
=f(x,u,w),y=h(x,u)+v,(1)

x∈Rnunknownstate,y∈Rmmeasuredoutput,u∈Rpcontrolledinput,
w∈Rrunknownprocessdisturbance,vunknownmeasurementdisturbance.

Forsomeresultsadditionalconstraintsassumed:x∈X,w∈W,v∈V,

whereX,W,VareclosednonemptysetsandW,Vcontaintheorigin.

Goal:DefineMHEandestablishconvergenceresultfortheestimationerror!

Assumptionsneeded
Someformofobservability/detectabilityoftheSystem(1)
Boundednessandconvergenceofdisturbanceswandv



ATypicalMovingHorizonStateEstimationScheme(2/3)

Costfunction

J(x̂T−N,ŵ)=ΓT−N(x̂T−N)+
N∑

j=1

!j(ŵT−j,v̂T−j)

s.t.x̂
+
=f(x̂,u,ŵ),y=h(x̂,u)+v̂,IC:x̂T−N,

(2)

whereinΓ(·)and!(·)satisfycertaintypicalconditions.

Thereinthetermsare
Γ(·)thepriorweightingfunction,accountsfordiscardedpartof
trajectories
!(·)thestagecost,accountsforfittingerroralongtrajectories

ŷ

y

x̂

x
k=T−NcurrenttimeT

!Γ(·)

!
!

!
!

!

"
"
"
"
"}

!

∑

N
j=1!j(ŵT−j,v̂T−j)

ATypicalMovingHorizonStateEstimationScheme(3/3)

Atypicalconvergenceresult

Theorem
ConsiderSystem(1)andcostfunction(2).Letsufficientassumptionson

theSystem(1),
onthedisturbanceswandvactingonthesystemand
onthecostfunctionparametersΓ(·)and!(·)

befulfilled.Thenrepeatedoptimizationofcostfunction(2)resultsina
robustlygloballyasymptoticallystableestimator.



DiscussionofMHE(1/3)

AdvantagesofMHE
Cleargoalsforestimatorcanbeformulatedviacostfunctional
Goalscanbepursueddirectlyviaoptimization
Known(physical)constraintsonsystemstatescanbeemployedto
improveestimation
Optimizationbasedframeworkprovidesflexibility,e.g.toallow
combinationwithobserverofdifferenttype

DiscussionofMHE(2/3)

DrawbacksofMHE
ChoiceofparametersforMHEiselaborate

SizeofmovinghorizonN
PriorweightingfunctionΓ(·)

Stagecosts!(·)

Observability/detectabilityconditionisgenerallyhardtocheck
OnlineoptimizationprobleminMHEisnumericallyexpensive,
nonconvex,subjecttolocalminima



DiscussionofMHE(3/3)

OpenissuesinMHE
HowcanMHEbecombinedwithotherobserverschemes?
Extendresultstowardsnewsystemclasses
Whichresultscanbeobtainedincaseofonlybounded(but
non-convergent)disturbances?
Howcantheonlineoptimizationbesimplified?
E.g.establishconvergenceforsuboptimalMHE

Summary

BeyondtheLuenbergerstructure...
Obviouslyitispossibletoestimatethestateofsystemswithouttheclassical
simulator/correctorsetup.
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Anobserverwithfiniteconvergencetimeisadvantageousinsomeapplications:
•Improvementofcontrolperformance•Fastsupervisionofsystems•...
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OutlinePart2

1LuenbergerObserverandObserverswithFiniteConvergenceTime

(a)LuenbergerObserver

(b)AReviewofExistingObserverswithFiniteConvergenceTime

2AnImpulsiveObserverwithFiniteConvergenceTimeforLinearSystems

3Extension:ImpulsiveObserversforNonlinearSystems

4SummaryandDiscussion



LuenbergerObserver

Observerproblem
Estimatethestatexofthelinearsystem

ẋ(t)=Ax(t)+Bu(t),y(t)=Cx(t)

withx∈Rn,u∈Rp,y∈Rq,andtheunknowninitialconditionx(t0)=x0.

Luenbergerobserver
TheLuenbergerobserver[Luenberger’66]

˙̂x(t)=Ax̂(t)+Bu(t)+L(y(t)−Cx̂(t))

withx̂∈Rn,observermatrixL∈Rn×q,andinitialconditionx̂(t0)=x̂0estimates
thestatexforarbitraryinitialconditionsx0asymptotically,iftheeigenvaluesofthe
matrixA−LChavenegativerealparts.

Theestimationerrore=x−x̂withe0=x0−x̂0hasthefollowingproperties:
ė(t)=(A−LC)e(t)
e(t)=exp((A−LC)t)e0

limt→∞||e(t)||=0(asymptotic(exponential)convergencerate)

AnOverviewon
ObserverswithFiniteConvergenceTime(FCT)(1/4)

ObserverswithFCT
Anobserverestimatesthestateofadynamicalsysteminfinitetimeif

e(t)=0∀t≥δ,

whereδ>0istheconvergencetime.

Existingapproaches:
Time-delaytechniques[EngelandKreisselmeier’02,...]
Filterswithfiniteimpulseresponsestructure[Kwon,etal.’01]
Theobservabilitymatrix(Gramian)[MedvedevandToivonen’94],[Byrski’03],...
Slidingmodetechniques[Haskara,etal.’98],[Perruquetti,etal.’07],...
...



ObserverswithFCT:ObservabilityGramianApproach(2/4)

Idea
Supposethatu=0.Theoutputofthelinearsystemis

y(τ)=Cexp(A(τ−t))x(t).

Multiplyingbothsidesbyexp(A(τ−t))TCTandintegrationfromt−δtotyields
∫

t

t−δ
(exp(A(τ−t))TCTy(τ)dτ=

[
∫

t

t−δ
(exp(A(τ−t))TCTCexp(A(τ−t))dτ

]

x(t).

Sincetheobservabilitygramianisinvertible,thestatexisestimatedinfinitetime.

Remarks:Theimplementationrequires
thestorageoftheoutputy(t)overthetimehorizon[t−δ,t]

thesolutionof
∫

t
t−δ(exp(A(τ−t))TCTy(τ)dτateachtimeinstantt

ObserverswithFCT:SlidingModeApproach(3/4)

Idea
Consider,forthesakeofsimplicity,thelinearsystem

ẋ1(t)=x2(t),ẋ2(t)=u(t),y(t)=x1(t).

Theslidingmodeobserveranditscorrespondingestimationerrordynamicsaregiven
by:

˙̂x1(t)=x2(t)+L1sgn(y(t)−x̂1(t))
˙̂x2(t)=u(t)+L2sgn(L1sgn(y(t)−x̂1(t)))

ė1(t)=e2(t)−L1sgn(e1(t))
ė2(t)=−L2sgn(L1sgn(e1(t)))

UsingsufficientlyhighgainsL1,L2,theobserverestimatesthestatexinfinitetime.

Remarks:
Theconvergencetimeδdependsontheestimationerrore0

Inpractice,thereareimplementationproblemsduetochattering



Summary-ObserverswithFCT(4/4)

Itispossibletodesignobserverswithfiniteconvergencetime.
Thereexistevenseveralapproaches.
Alloftheseapproachesrequireastructurethatisdifferentfromthe
classicalLuenbergerobserver.

Highcomputationalcomplexityforobserversthatarebasedontime-delay
techniques,theobservabilityGramian,etc.becauseofthestorageof
trajectorypiecesand/ortheonlinesolutionofconvolutionintegrals
Theconvergencetimeortheobservergainsdependontheestimationerror
e0forobserversthatarebasedonslidingmodetechniques,etc.
Inpractice,thereareimplementationproblemsduetochattering

Outline

1LuenbergerObserverandObserverswithFiniteConvergenceTime

2AnImpulsiveObserverwithFiniteConvergenceTimeforLinearSystems

(a)BasicIdeaoftheObserver

(b)AnalysisoftheObserver

(c)AnExample

3Extension:ImpulsiveObserversforNonlinearSystems

4Conclusions

TobiasRaff



ComputationoftheSystemState-BasicIdea(1/5)

TwoLuenbergerobserverswithL1&=L2andidenticalinitialconditions
˙̂x1(t)=Ax̂1(t)+Bu(t)+L1(y(t)−Cx̂1(t)),x̂(t0)=x̂0

˙̂x2(t)=Ax̂2(t)+Bu(t)+L2(y(t)−Cx̂2(t)),x̂(t0)=x̂0

Attimeinstantt1oneobtainsthefollowingsystemofequations:
e1(t1)=x(t1)−x̂1(t1)
e2(t1)=x(t1)−x̂2(t1)

}

2nequations,3nunknowns

Withei(t1)=exp(Fiδ)e0
,e0=ei(0),Fi=A−LiC,δ=t1−t0,onehas

exp(F1
δ)e0=x(t1)−x̂1(t1)

exp(F2
δ)e0=x(t1)−x̂2(t1)

}

2nequations,2nunknowns

Attimeinstantt1oneobtainstheexactstatex(t1)=K̃[x̂1(t1)Tx̂2(t1)T]T

withK̃=(In−exp(F2
δ)exp(−F1

δ))
−1[−exp(F2

δ)exp(−F1
δ)In]

ObserverScheme-BasicIdea(2/5)

Idea
UpdateofthestatesofthetwoLuenbergerobserverswithx(t1)attimeinstantt1.

Schemeforanobserverwithfiniteconvergencetimeδ:
1.Estimationphasefort<t1:

˙̂xi(t)=Ax̂i(t)+Bu(t)+Li(y(t)−Cx̂i(t)),x̂i(t0)=x̂0
,i=1,2

x̂(t)=x̂1(t)

2.Stateupdateattimeinstantt1:

x̂i(t
+

1)=x(t1)=K̃[x̂1(t1)Tx̂2(t1)T]T,i=1,2

3.Simulationphasefort>t1:
˙̂xi(t)=Ax̂i(t)+Bu(t)+Li(y(t)−Cx̂i(t)),x̂i(t

+

1)=x(t1),i=1,2
x̂(t)=x̂1(t)



Motivation

Motivationexample
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ObserverStructure-BasicIdea(3/5)

Theproposedobserverwithfiniteconvergencetimeisgivenby

ż(t)=Fz(t)+Gu(t)+Hy(t),t&=tk,
z(t

+

k)=Kkz(tk),t=tk,

z(t
+

0)=z0
,k=1,2,...

x̂(t)=Nz(t),

wherez=[x̂T
1x̂T

2]Tistheobserverstate,z0=Mx̂0theinitialcondition,andtkatime
sequencesatisfying0<t0<t1<...<tkwithδ=ti+1−tiandlimk→∞tk=∞.

Remarks:

F=

[

F10
0F2

]

,G=

[

B
B

]

,H=

[

L1
L2

]

,M=

[

In
In

]

,N=

[

In
0n

]

T
,K1=MK̃
Kk=I2n,

K1
k=2,3,...

Thestateisupdatedonlyattimeinstantt1(updatesatt2,t3,...alsopossible)
Theobserverexhibitsimpulsivedynamicalbehavior(impulsiveobserver)



Existence-BasicIdea(4/5)

Theorem1[RaffandAllgöwer’07]
Theproposedobserverreconstructsthestateofthelinearsysteminfinitetimeδ>0
independentoftheinitialestimationerrore0,i.e.e(t)=0∀t>t1,e0∈Rn,if
theobservermatricesL1

,L2andtheconvergencetimeδarechosensuchthatthe
eigenvaluesofthematrixFhavenegativerealpartsandtheobservermatrix

K1=
[

InIn
]

T
(In−exp(F2

δ)exp(−F1
δ))

−1[−exp(F2
δ)exp(−F1

δ)In]

exists.

Remarks:
TheobserverexistsifthelinearsystemisobservableandthematrixK1exists
Theconvergencetimedoesnotdependontheestimationerrore0

ThedesignparametersarethematricesL1
,L2(L1&=L2)andδ

Theorem2[RaffandAllgöwer’07]
ForanyconvergencetimeδthereexistmatricesL1

,L2suchthatthematrixK1exists.

Remark:
Intheory,theconvergencetimeδcanbechosenarbitrarilyshort.

Summary-BasicIdea(5/5)

Usinganimpulsiveobserver(DAE-System)allowstoestimatethestateofalinear
systemexactlyinarbitraryshorttime.

Whatarethefurtherpropertiesofthisobserver?



Output-Feedback-Analysis(1/2)

Statefeedbacku=−Rx̂inconjunctionwiththeproposedobserver
Thedynamicsoftheclosed-loopsystem(onlyoneupdateattimeinstantt1)is

ẋ(t)=(A−BR)x(t)+BRe1(t)t&=t1
ė1(t)=(A−L1C)e1(t)
ė2(t)=(A−L2C)e2(t)
x(t

+

1)=x(t1)t=t1
e1(t

+

1)=0,

e2(t
+

1)=0.

Theclosed-loopsystemisasymptoticallystableiftheeigenvaluesofA−BR,
A−L1C,andA−L2Chavenegativerealparts

Aseparateddesignofthestatefeedbackandtheproposedobserveris
possible.

Analysis–Summary(2/2)

Theimpulsiveobserverhasthreedesignparameters,namelyL1
,L2

,andδ:
Theparameterδspecifiestheconvergencetime
ThematrixL1isusedtotunethetransientbehaviorofefort0<t<t1
ThematrixL2isusedtoguaranteetheexistenceofthematrixK1

Theconvergencetimeδ

canbechosenarbitrarilyshort
isindependentoftheestimationerrore0

Lowcomputationalcomplexityoftheproposedobservercomparedtothe
computationalcomplexityofotherexistingobserverswithfiniteconvergencetime
SimilarsystemtheoreticalpropertiesasaLuenbergerobserver
Noexactstateestimationinpresenceofdisturbances



Satellite-Example(1/2)

v

h

u

Station-keepingsatellite(weathersatellite)

ẋ=







0100
3ω2002ω

0001
0−2ω00





x+







0
0
0
1





u

y=
[

0010
]

x

x1
,x3representthecoordinatesv,h

Parameterω=2π
24istheearth’sangularvelocity

Horizontalpositionhismeasured
EigenvaluesofA:λ(A)=[000±0.26j]
Nocontrolaction,i.e.u=0

SimulationResults-Example(2/2)
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Proposedobserver:
Convergencetimes:
δ=6(solid),δ=4(dashed),
δ=2(dash-dotted)
EigenvaluesofF1,F2:
λ(F1)=[−0.5−0.8−1.0−1.4]
λ(F2)=[−2.6−2.9−3.1−3.4]

Luenbergerobserver:
EigenvaluesofF=A−LC:
λ(F)=[−0.5−0.8−1.0−1.4]

Theobserverestimatesthesystemstate
exactlyinfinitetime.



MeasurementDisturbances-AnalysisII(1/2)

Outputequationisy(t)=Cx(t)+v(t),where|v(t)|≤vmax∀t>0
Fort<t1andt>>t1theobserverperformslikeaLuenbergerobserver
Attimeinstantt1,theestimationerrorsatisfies

||e(t
+

1)||≤vmax

1−p(α1
α

2)

(

p(α1
,α

2)αn−2
1c||L1||

−λ

1
+

αn−2
2c||L2||

−λ

1

)

withp(α1
,α

2)=(α1
α

2)n−1c2exp((λ1
α

2−λ
n
α

1)δ)

TheobserverperformsbetterthanaLuenb.observerwithobs.matrixL1if

||e0||≥exp(−λ

1
α

1
δ)vmax

1−p(α1
α

2)

(

p(α1
,α

2)αn−2
1c||L1||

−λ

1
+

αn−2
2c||L2||

−λ

1

)

,

i.e.itholds:||eL(t)||≥||e(t)||∀t≥t0.

ModelUncertainties-AnalysisII(2/2)

Uncertainsystemis:

ẋ(t)=Ax(t)+Bu(t)+w(x(t),u(t),t),

where||w(x(t),u(t),t)||≤wmax∀t≥0
Attimeinstantt1,theestimationerrorsatisfies

||e(t
+

1)||≤wmax

1−p(α1
α

2)

(

p(α1
,α

2)αn−2
1c

−λ

1
+

αn−2
2c
−λ

1

)

LikeaLuenbergerobserver,theobserverdoesnotconvergeasymptotically,i.e.,

limt→∞||e(t)||≤
αn−2

1cwmax
−λ1

Noexactstateestimationinpresenceofdisturbances.



OutlinePart2

1LuenbergerObserverandObserverswithFiniteConvergenceTime

2AnImpulsiveObserverwithFiniteConvergenceTimeforLinearSystems

3Extension:ImpulsiveObserversforNonlinearSystems

(a)NonlinearSystemsinObserverNormalForm(Example)

(b)NonlinearSystemsinObservabilityNormalForm(Example)

4SummaryandDiscussion

NonlinearSystemsinObserverNF(1/3)

Problem
DesignanobserverwithFCTfornonlinearsystemsinobservernormalform(NF)

ẋ(t)=Ax(t)+γ(u(t),y(t)),x(t0)=x0

y(t)=Cx(t),

wherex∈Rnisthestate,u∈Rptheinput,y∈Rthemeasurableoutput,x(t0)=
x0theunknowninitialcondition,andγ:Rp×R1→RnisalocallyLipschitz
nonlinearitythatdependsonknownarguments.Thesystemmatricesare

A=















00···00
10···00
01···00
..
.

..

.
..

.
..
.

..

.
00···10















,C=
[

00···01
]

.



NonlinearSystemsinObserverNF(2/3)

Animpulsivenormalformobserverisgivenby

ż(t)=Fz(t)+Hy(t)+Mγ(u(t),y(t)),t&=tk,
z(t

+

k)=Kkz(tk),t=tk,

z(t
+

0)=z0
,k=1,2,...

x̂(t)=Nz(t).

Theorem3[RaffandAllgöwer’08]
Thenonlinearobserverreconstructsthestateofnonlinearsystemsinobservernor-
malforminfinitetimeδ>0independentoftheinitialestimationerrore0,i.e.
e(t)=0∀t>t1,e0∈Rn,iftheobservermatricesL1

,L2andtheconvergence
timeδarechosensuchthattheeigenvaluesofthematrixFhavenegativerealparts
andthefollowingobservermatrixexists:

K1=
[

InIn
]

T
(In−exp(F2

δ)exp(−F1
δ))

−1[−exp(F2
δ)exp(−F1

δ)In].

Remarks-NonlinearSystemsinObserverNF(3/3)

Theexistenceconditionsoftheimpulsivenormalformobserveraresimilarto
theconditionsoftheimpulsiveobserverforlinearsystems
Ifthenonlinearsystem

˙̄x(t)=f(x̄(t),u(t)),y(t)=h(x̄(t))

isnotgiveninobservernormalform,onecanuseastatetransformation
([KrenerandIsidori’83]).



Chua’sCircuit-Example(1/2)

R0

NR

R

x3

x2
L

x1
C2C1

Chua’scircuit(application:cryptosystems)

ẋ1=−a1x1+a2x2+a3(|x1+a4|−|x1−a4|)

ẋ2=x1−x2+x3

ẋ3=−a5x2

y=x1

x1
,x2andx3representthevoltagesofthe

capacitorsandthecurrentoftheinductor
Parametervalues:a1=18/7,a2=9,a3=−2,
a4=1,anda5=14.286
VoltageofthecapacitorC1ismeasured
Chua’scircuitcanbetransformedintoobserverNF

SimulationResults-Example(2/2)
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Proposedobserver:
Convergencetime:δ=0.5
EigenvaluesofF1,F2:
λ(F1)=[−1−2−3]
λ(F2)=[−7−8−9]

Normalformobserver:
EigenvaluesofF=A−LC:
λ(F)=[−1−2−3]

Theobserverestimatesthestateofsystems
inobservernormalforminfinitetime.



NonlinearSystemsinObservabilityNF(1/4)

Problem
EstimatethestateofanonlinearsysteminobservabilityNF

ẋ(t)=Ax(t)+Eφ(x(t),U(t)),x(t0)=x0

y(t)=Cx(t),

wherex∈Rnisthestate,u∈Rtheinput,y∈Rtheoutput,x(t0)=x0the
unknowninitialcondition,U=[uu̇u

(2)···u(n)]Tisthestackedvectorofinput
derivatives,andφ(x,U)isalocallyLipschitznonlinearity.Itisassumedthatthe
nonlinearityφisgloballybounded,i.e.|φ(x,U)|≤φ

max∀x,U.Thesystem
matricesaregivenby

A=















010···0
001···0
..
.

..

.
..
.

..
.

..

.
000···1
000···0















,C=















1
0
..
.
0
0















T

,E=















0
0
..
.
0
1















.

NonlinearSystemsinObservabilityNF(2/4)

Animpulsivehighgainobserver(HGO)isgivenby

ż(t)=Fz(t)+Hy(t),t&=tk,
z(t

+

k)=Kkz(tk),t=tk,

z(t
+

0)=z0
,k=1,2,..

x̂(t)=Nz(t)

withobservermatricesLi=
[

α

ian−1
α2
ian−2···αn−1

ia1
αn
ia0

]

T
.

Remarks:
||e(t

+

1)||≤1
1−p(α1,α2)

(

cφmax
−α2λ1

)

+p(α1,α2)
1−p(α1,α2)

(

cφmax
−α1λ1

)

(canbemadesmall)

TheimpulsiveHGO

doesnotestimatethesystemstateexactly,i.e.limt→∞||e(t)||≤
φmaxc
−α1λ1

hasabetterperformancethanaHGO,i.e.||eHGO(t)||≥||e(t)||∀t≥t0
convergesexponentiallyiftheobserverdynamicsisreplacedby
ż=Fz+Hy+Φ(z,U)andthenonlinearityisboundedandLipschitz



NonlinearSystemsinObservabilityNF(3/4)

Animpulsiveslidingmodehighgainobserver(ISMHGO)isgivenby

ż11(t)=z12(t)−α

1an−1(y(t)−z11(t))+Ls1h(t−t1)sgn(ξ1(t))

ż12(t)=z13(t)−α2
1an−2(y(t)−z11(t))+Ls2h(t−t2)sgn(ξ2(t))

···

ż1n(t)=−αn
1a0(y(t)−z11(t))+Lsnh(t−tn)sgn(ξn(t))

ż21(t)=z12(t)−α

2an−1(y(t)−z21(t))

ż22(t)=z23(t)−α2
2an−2(y(t)−z21(t))

···

ż2n(t)=−αn
2a0(y(t)−z21(t))

z(t
+

k)=Kkz(tk)

z(t
+

0)=z0

x̂(t)=Nz(t)

whereLsi∈R,ξ1=y−z11,andξ

i=Li−1sgn(ξi−1),i=2,...,n.

Remarks-Nonlin.SystemsinObservabilityNF(4/4)

Theobserverestimatesthesystemstateexactlyinfinitetime∆>δ,i.e.

e(t)=0∀t>∆

Theconvergencetime∆canbechosenarbitrarilyfast(highergainsLsi)
TheconvergencetimeandthegainsLsidonotdependontheestimation
errore0,incontrasttotheslidingmodeobserver[Haskara,etal.’98]

Theimpulsiveslidingmodehighgainobservercombinestheadvantagesofthe
impulsiveHGO(independenceofe0)andoftheslidingmodeobserver(robustness).



Pendulum-Example(1/2)

x1

u

Pendulumsystem

ẋ1=x2

ẋ2=−g
l

sin(x1)+1
ml2u

y=x1

x1representstheangleofthependulum
Angleofthependulumismeasured
Parametervalues:g=9.81,l=0.9,andm=1.1
Nocontrolaction,i.e.u=0

SimulationResults-Example(2/2)
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Proposedobservers:
ImpulsiveHGO:

Updatetimeinstant:t1=0.1
Gains:α1=10,α2=200

ImpulsiveSMHGO:
Convergencetime:∆=1.1
Gains:α1=10,α2=200
Ls1=6,Ls2=91

Highgainobserver:
Gain:α=10

Theproposedobservers
outperform

highgainobservers.



SummaryandDiscussion

Usingnewobserverstructures,itispossibletodesignobserverswithpredetermined
finiteconvergencetime(FCT)

thatarebasedon
twoLuenbergerobservers
andone(multiple)stateupdate(s)

thathavesimilarsystemtheoreticalpropertiesasaLuenbergerobserverwith
respectto

measurementdisturbancesandmodeluncertainties
outputfeedbackdesign(separationprinciple)

thathavealowcomputationalcomplexitycomparedtoexistingobserverswith
FCT
whosestructurecanbeextendedtoothersystemclasses(includingnonlinear
systems)

StructureofPresentation StructureofPresentation

!Part 1:   MovingHorizonEstimation

!Part 2:   Finite ConvergenceTime Observers

!Part 3:   Set-basedEstimation



Motivation

ProblemofPracticalRelevance
Stateestimationinpresenceofexogenousdisturbances

Usualapproach:

Usestochasticmodeling/filteringtechniques.
However:

notalwayspossibleorreasonable

sometimesgiveunsatisfactoryresults

donotgivehardboundsofestimationerror

Set-BasedEstimation

AlternativeSolution
Modeluncertaintiesasunknownbutboundedanduseset-valued

filtertechniques.

Findsapplications,e.g.in

robustfaultdetection

modelinvalidation

signalprocessing

...

Idea:
Two-stepfilteralgorithmconsistingof

set-valuedprediction

correctionsteps



MostSimpleCase:LTISystemWithoutDisturbances

{Cx=y1}

System

xk+1=Axk

yk=Cxk
det(A)!=0

Set-BasedEstimation
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x
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∣
∣
∣
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MostSimpleCase:LTISystemWithoutDisturbances
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MostSimpleCase:LTISystemWithoutDisturbances

A({CA
−1

x=y1}∩{Cx=y2})=
{CA

−2
x=y1}∩{CA

−1
x=y2}

System

xk+1=Axk

yk=Cxk
det(A)!=0

Set-BasedEstimation

x1∈{x|Cx=y1}

x2∈
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∣
∣
∣
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MostSimpleCase:LTISystemWithoutDisturbances
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xk+1=Axk

yk=Cxk
det(A)!=0
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x1∈{x|Cx=y1}
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MostSimpleCase:LTISystemWithoutDisturbances

{CA
−2

x=y1}∩
{CA

−1
x=y2}∩{Cx=y3}

System

xk+1=Axk

yk=Cxk
det(A)!=0

Set-BasedEstimation

xn∈













x
′

∣
∣
∣
∣
∣
∣
∣
∣
∣

CA
−(n−1)

x=y1
..
.

CA
−1

x=yn−1

Cx=yn











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MostSimpleCase:LTISystemWithoutDisturbances

{CA
−2

x=y1}∩
{CA

−1
x=y2}∩{Cx=y3}

System

xk+1=Axk

yk=Cxk
det(A)!=0

Set-BasedEstimation







CA
−(n−1)

..

.
CA

−1

C








︸︷︷︸

(ObservabilityMatrix)×A
−(n−1)

xn=








y1
..
.

yn−1

yn







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GeneralProblemSetup

Nonlinear,time-varyingdiscretetimesystem

xk+1=fk(xk,wk)

yk=hk(xk,vk)x0∈X0⊆X

systemstatex∈X⊆R
nx

measuredoutputy∈R
ny

boundeddisturbanceswk∈Wk⊆R
nw

andv∈Vk⊆R
nv

Goal
Reconstructsetofpossiblesystemstatesfrommeasurements



GeneralProblemSetup

Nonlinear,time-varyingdiscretetimesystem

xk+1=fk(xk,wk)

yk=hk(xk,vk)x0∈X0⊆X

systemstatex∈X⊆R
nx

measuredoutputy∈R
ny

boundeddisturbanceswk∈Wk⊆R
nw

andv∈Vk⊆R
nv

Goal
Reconstructsetofpossiblesystemstatesfrommeasurements

Idea:SetPropagation

Systemdynamics(prediction)

xk+1=fk(xk,wk)



Idea:SetPropagation

Systemdynamics(prediction)

xk+1=fk(xk,wk)

Idea:SetPropagation

Systemdynamics(prediction)

xk+1=fk(xk,wk)



Idea:SetPropagation

Systemdynamics(prediction)

xk+1=fk(xk,wk)

Idea:SetPropagation

Systemdynamics(prediction)

xk+1=fk(xk,wk)

Nocorrectionstep:Estimatedsetsmaygrowinfinitelylarge.



Idea:SetPropagation

Measurement(correction)

yk=hk(xk,vk)

Idea:SetPropagation

Measurement(correction)

yk=hk(xk,vk)



Idea:SetPropagation

Measurement(correction)

yk=hk(xk,vk)

Idea:SetPropagation

SystemTheoreticProperties

Withcorrectionstep(andsomeobservabilityproperty):

Estimatedsetsstaybounded.



Set-BasedEstimation

Becauseofpersistentdisturbancesthestateestimatescannot
shrinktoapoint.

Adesirableobserverperformanceconsistsoftheestimated
statesetstostayboundedandsmall.

Noobserverdesignneeded.Observercomputesallpossible
statesthatareconsistentwiththemeasurements.

Bigchallengeiscomputationofsets.

ComputationofSets

ComputationofSets

Idealcase:Computeexactsets

Problems:
Setsmightbecomeintractablycomplex
Howtorepresentsets?

Solution:Use(typicallyconservative)outerapproximations
(e.g.ellipsoids).



ComputationofStateSetsforPolynomialNonlinear
Systems

ConsideredProblemSetup

SOS-BasedSetComputations
ApproximationbyEllipsoidalSets
ComputationofEllipsoidsbySOS-
Programming

SimulationResults

ChristophMaier

ConsideredProblemSetup:PolynomialDescription

Nonlinear,time-varyingdiscretetimesystem
xk+1=fk(xk,wk)

yk=hk(xk,vk)

Assumptions
fkandhkarepolynomialsinxk,wk,vk
disturbanceswkandvkareboundedby

Wk={wk|qk(wk)≥0},qk(wk)∈R
nq

Vk={vk|rk(vk)≥0},rk(vk)∈R
nr
,

whereqkandrkarepolynomials

IdeaofApproximations
outer-approximateinitialsetandfiltersetsbyellipsoids

E(x̂i|j,Pi|j
︸︷︷︸

!0

)={x∈R
nx

|1−(x−x̂i|j)
T
P
−1

i|j(x−x̂i|j)≥0}



ApproximationbyEllipsoidalSets

previousstates

xk∈E(x̂k|k,Pk|k)

prediction

xk+1∈
E(x̂k+1|k,Pk+1|k)

forallxk+1with
xk+1=fk(xk,wk)
wk∈Wk

correction

xk+1∈
E(x̂k+1|k+1,Pk+1|k+1)

forallxk+1with
xk+1∈E(x̂k+1|k,Pk+1|k)
yk+1=hk+1(xk+1,vk+1)
vk+1∈Vk

ComputationoftheEllipsoids

FindsmallestellipsoidE(x̂k+1|k+1,Pk+1|k+1)withPk+1|k+1'0,
thatcontainsallxk+1whichareconsistentwith

systemdynamicsxk+1=fk(xk,wk)

previousstatesxk∈E(x̂k|k,Pk|k)
⇔1−(xk−x̂k|k)

T
P

−1

k|k(xk−x̂k|k):=εk|k(x)≥0

disturbanceswk∈Wk

measurementyk+1

Theorem[MaierandAllgöwer,CDC’09]:

TheellipsoidE(x̂k+1|k+1,Pk+1|k+1)canbecomputedby
solvingtwoSOSprograms.

minimizetr(Pk+1|k)subjectto

Pk+1|k'0,

s1(xk,wk)isanSOSin(xk,wk),

s2(xk,wk)isanSOSin(xk,wk),
[

1−(s1(xk,wk)εk|k(xk)+s
T
2(xk,wk)qk(wk))∗

fk(xk,wk)−x̂k+1|kPk+1|k

]

isanSOS-matrixin(xk,wk)

minimizetr(Pk+1|k+1)subjectto

Pk+1|k+1'0,

s3(xk+1,vk+1)isanSOSin(xk+1,vk+1),

s4(xk+1,vk+1)isanSOSin(xk+1,vk+1),

t5(xk+1,vk+1)isapolynomialin(xk+1,vk+1),






1−(s3(xk+1,vk+1)εk+1|k(xk+1)
+s4(xk+1,vk+1)rk+1(vk+1))∗

+t
T
5(xk+1,vk+1)(yk+1−hk+1(xk+1,vk+1))

xk+1−x̂k+1|k+1Pk+1|k+1







isanSOS-matrixin(xk+1,vk+1)



IllustratingExample:AdditiveDisturbance

DiscretetimemodelofVanderPoloscillatorI

xk+1=

[

x1,k+∆Tx2,k
x2,k+∆T(−x1,k+µx2,k(1−x

2
1,k)+wk)

]

yk=x1,k+vk

∆T=0.05,µ=3

||wk||≤1

||vk||≤0.01

IllustratingExample:AdditiveDisturbance

−2−1012

−4

−2

0

2

4

System state x1

System
 state x2Initial set

k
Actual state
Bounding ellipsoid

Boundonellipsoidsdoesnotgrow!



Application:FaultDetection

FaultDetectionwithSet-Based
Observers

observeryieldsemptyset
⇒Modeldoesnotmatch

plant

useawholebankof
observerswithmodelsfor
differentfaultscenarios

modelthatisflagged
”correct”byobserverbank
correspondstodetected
faultscenario

SimulationResults

System:MIMO
3-tanksystem

Faultscenarios:
singlefaults
Fu1,Fu2,Fy1,

Fy2,Fy3,FL2



SimulationResults

System:MIMO
3-tanksystem

Faultscenarios:
singlefaults
Fu1,Fu2,Fy1,

Fy2,Fy3,FL2

SummaryandDiscussion

Summary

set-basedestimation

two-stepprediction-correctionprocedure

computation:ellipsoidalapproachforpolynomialsystems
basedonsumofsquaresprogramming

suitedforapplicationsinfault-detection,set-basedcontrol
(tubeMPCetc.),monitoring,...

Extensions
knowninputslikee.g.controlinputs

parametricuncertainties



SummaryandDiscussion

AdvantagesOverConventionalEstimation

allowsboundsondisturbancestobetakenintoaccount

givesboundsonactualstate,notjustabestguess

⇒betteradjustedtorealproblemsettings

Disadvantages

burdensomecomputations(semidefiniteprogramsatevery
step)

conservatism(ellipsoidalapproximation,S-procedure,
SOS-relaxation)

Conclusions Conclusions

!Message:
New observerstructures, thatareconceptuallydifferent fromthe
Luenbergerstructureallowadvancedstateestimation Luenbergerstructure,allowadvancedstateestimation.

!Exemplarilyshowed !Exemplarilyshowed
!finite time convergentobserver
!set-valuedobserver

in thistalk.
!Thereiscomperativelylittleresearchonnewestimationschemes !Thereiscomperativelylittleresearchonnewestimationschemes.
!Nonlinearobserversaremuch(!) hardertodesign. Thereare, however, 

verygoodsolutionsforcertainclassesofnonlinearsystems. verygoodsolutionsforcertainclassesofnonlinearsystems.
!Therearehardlyanyapplicationsusingalternative observerstructures, 

despitetheimportanceofthetopic. ppp
!Manyopen challenges: Decentralizedestimationin networks, … 


